
Quantum Me
hani
sQualifying Exam - January 2014Notes and Instru
tions
• There are 6 problems. Attempt them all as partial 
redit will be given.
• Write your alias (not your name) on the top of every page of your solutions.
• Number ea
h page of your solution with the problem number and page number (e.g.Problem 3, Page 2 of 4, is the se
ond of four pages for the solution to problem 3.)
• You must show all your work to re
eive full 
redit.Possibly useful formulas:Pauli matri
es
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illator operators:
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PROBLEM 1: Rigid RotatorA free mole
ule of NaCl 
an be approximated as a dumbell, or rigid rotator. Atta
h areferen
e frame to its 
enter of mass, with z-axis oriented in an arbitrary dire
tion. TheHamiltonian 
an be taken to be H = L2

2I where ~L is angular momentum and I is the (�xed)moment of inertia.a) Write the S
hroedinger equation for the mole
ule. (1 Point)b) What are the energy eigenvalues? (2 points)
) What are the steady-state eigenfun
tions? (2 points)d) Sket
h an energy level diagram for the rotator. Note any possible degenera
ies. (2 points)e) The rotator, with ele
tri
 dipole moment ~D oriented along the dumbell symmetry axis,is pla
ed in an ele
tri
 �eld ~E = Eẑ. The dipole intera
tion is HD = − ~D · ~E. What is the�rst order perturbative 
orre
tion to the lowest energy level? (3 points)



PROBLEM 2: Parti
le in a BoxA parti
le of mass m is in the ground state of a one dimension box of length L. At t = 0,the box suddenly expands symmetri
ally to three times its size, leaving the wavefun
tion ofthe parti
le undisturbed. Assume the parti
le was in the ground state before the expansion.a) Solve the S
hrodinger equation and 
al
ulate the eigenenergies and eigenfun
tions in thebox before and after the expansion (show all your work). (3 Points)b) What is the probability of �nding the parti
le in the ground state immediately after theexpansion? (4 Points)
) Compute the wave fun
tion of the parti
le ψ(x, t) for t ≥ 0. Hint: express your answeras a superposition of eigenstates. (3 Points)Hint: � π/2
−π/2 dθ cos θ cos(qθ) = 2

1−q2
cos

(

q π
2

),� π/2
−π/2 dθ cos θ sin(qθ) = 0.



PROBLEM 3: Matrix Me
hani
sLet A, B and C be three ensembles that are represented in the orthonormal basis |e1〉,
|e2〉 and |e3〉,

|e1〉 =





1
0
0



 , |e2〉 =





0
1
0



 , |e3〉 =





0
0
1



by
A =





0 1 0
1 0 0
0 0 1



 , B =





1 −3 0
−3 1 0
0 0 −2



 , C =





2 0 0
0 1 0
0 0 1



 .The eigenvalues of A are doubly degenerated, a = 1, 1, −1, with eigenve
tors
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1√
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
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1√
2


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1
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

 .The eigenvalues of C are also doubly degenerate, c = 2, 1, 1, with eigenve
tors:
|c = 2〉 =





1
0
0



 , |c = 1, 1〉 =
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

0
1
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0
0
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

 .Assume that all parti
les in the ensemble are in the state |ψ〉,
|ψ〉 =

1

2
|e1〉 −

1

2
|e2〉 +

1√
2
|e3〉.Answer the following questions:a) Find the probability of measuring C and obtaining a value c = 2; then immediatelymeasuring A and getting a = 1, i.e. �nd P|ψ〉(c = 2, a = 1). Identify the intermediate state

|ψ′〉 after C is measured. (2 Points)b) Now �nd the probability if those measurements are performed in the reverse order, i.e.,�nd P|ψ〉(a = 1, c = 2). Identify the intermediate state |ψ′′〉 after A is measured. (2 Points)
) Compare the results of parts a) and b) and explain why this happened. (1 Point)d) If you are told that the eigenvalues of B are b = −2, −2, 4, justify whether or not thefollowing 2 probabilities P|ψ〉(a = −1, b = 4) and P|ψ〉(b = 4, a = −1) will be equal (doNOT expli
itly 
al
ulate the probabilities). Will the �nal states be the same or di�erent?Explain. (2 Points)e) Does {A,B} 
onstitute a 
omplete set of 
ommuting observables? Demonstrate expli
itly.(3 Points)



Problem 4: Clebsh-Gordon Coe�
ientsConsider a system with two distinguishable spinless parti
les with angular momentum
j1 = 1 and j2 = 1. Suppose the system is prepared in a state with total angular momentum
j = 2 and total angular momentum proje
tion m = m1 +m2 = 0. The state in the total jbasis |j1, j2; j,m〉 is

|ψ〉 ≡ |1, 1; j = 2,m = 0〉.a) Express |ψ〉 in terms of produ
ts of single parti
le states, namely in the dire
t produ
tbasis |j1 = 1,m1〉|j2 = 1,m2〉. (4 Points).b) If the angular momentum proje
tion of parti
le 1 is measured along the z dire
tion, whatis the probability of �nding a non-zero result? (2 Points)
) If Ji is the angular momentum operator of ea
h parti
le (i = 1, 2), 
ompute the expe
ta-tion value of J1 · J2 in the |ψ〉 state. (2 Points)d) If the |ψ〉 state is rotated by an in�nitesimal angle δθ around the x dire
tion, 
omputethe probability of measuring the |1, 1; j = 2,m = 1〉 state in leading order in δθ. (2 Points)Raising and lowering angular momentum operators:
J±|j,m〉 = ~

√

(j ∓m)(j ±m+ 1)|j,m± 1〉



PROBLEM 5: Zeeman FieldConsider the eight n = 2 states of Hydrogen. This problem is on the strong �eld Zeemane�e
t with spin-orbit intera
tion. Assume that the 
onstant magneti
 �eld B lies along the
z-dire
tion. The spin orbit 
oupling term is

HSO =
1

2m2

l c
2

1

r

dVdr L · S,where V (r) is the Coulomb potential, c is the speed of light and ml is the angular momentumproje
tion quantum number. Remember:
〈n, l,ml|

1

r3
|n, l,ml〉 =

1

a3

0
n3l(l + 1

2
)(l + 1)for l 6= 0.a) Find a general expression for the energy due to the spin-orbit term in the physi
al limit ofstrong magneti
 �eld, where the strong �eld Zeeman splitting expressions are valid. Expressyour answer in terms of the good quantum numbers in this problem. Re
all that be
auseof the strong magneti
 �eld, the good quantum numbers in this regime are n, l,ml and msand not j and mj. (Hint: 
ompute 〈HSO〉 in the proper basis) (3 Points)b) Expli
itly write down the quantum numbers for all eight n = 2 states. Find the energyof ea
h state under strong �eld Zeeman splitting. Express the energy of ea
h state as thesum of 3 terms: the Bohr energy, the spin-orbit intera
tion, and the Zeeman 
ontribution.(4 Points)
) If you ignore the spin-orbit intera
tion, how many distin
t energy levels are there andwhat are their degenera
ies? (3 Points)



Problem 6: Perturbation TheoryAn isotropi
 Harmoni
 os
illator in two dimensions has the Hamiltonian
H0 =

p2
x

2m
+

p2
y

2m
+
mω2

2
(x2 + y2),where x and y are position operators in Cartesian 
oordinates x and y.a) What is the energy of the three lowest energy levels and their respe
tive degenera
ies? (2Points)b) Consider a perturbative potential of the form:

V (x, y) = Amω2xy.Compute the energy 
orre
tion of the lowest level in the lowest order in perturbation theorywhere the result is non-zero. (3 Points)
) Compute the energy splitting of the �rst ex
ited energy level (whi
h is degenerate), dueto the perturbation. Compute the split ket states in terms of the original unperturbed kets.(3 Points)d) Suppose that there are three indistinguishable spin 1/2 parti
les in the system. Computethe total energy of the ground state in �rst order in perturbation theory. (2 Points)


