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This article presents a method for the mathematical optimization of the design of heat exchangers including fouling rate
modeling for the tube-side. The description of the fouling rate in crude preheat trains of petroleum distillation units is
commonly based on threshold models (Ebert-Panchal model and its variants). Our formulation of the design problem
employs a mixed-integer linear programing approach; therefore the solution is the global optimum and common non-
convergence drawbacks of mixed-integer nonlinear programming models are totally avoided. Three different examples
are employed to compare the proposed approach with an optimization procedure using fixed fouling resistances. The
results indicate that in two problems was possible to obtain design solutions associated to smaller heat exchangers.
Additionally, three case studies are also explored to discuss how fouling is related to crude types, pressure drop manip-
ulation, and energy integration. VC 2018 American Institute of Chemical Engineers AIChE J, 00: 000–000, 2018
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Introduction

The traditional approach for the design of shell-and-tube

heat exchangers involves a trial-and-error procedure, where

successive candidate solutions are generated until a feasible

option is found that fulfills thermal and hydraulic specifica-

tions.1–3 However, the utilization of optimization techniques

can bring important cost reductions in the design of shell-and-

tube heat exchangers.4 Therefore, the development of auto-

matic procedures for the design of heat exchangers using opti-

mization algorithms was the subject of many articles. For

example, focusing only on mathematical programming solu-

tions, there are nonlinear programming (NLP) methods,5,6

mixed-integer nonlinear programming (MINLP) methods,7–9

mixed-integer linear programming (MILP),10 and integer lin-

ear programming (ILP) methods.11

An important issue in the heat exchanger design problem is

the need to accommodate the impact of fouling in the solution.

Despite the complexity of the fouling behavior, almost all pre-

vious design procedures handle this aspect of the problem

using fixed suggested values of fouling resistances, for exam-

ple, TEMA values.12 However, the utilization of conventional

fixed fouling resistances are subjected to considerable criti-

cism, as pointed out by Shilling.13

A more recent approach to handle the impact of fouling

in the design is to include fouling modeling directly and simul-

taneously in the design procedure. This approach explores

the variation of the fouling resistance with the thermofluid

dynamic conditions of the heat exchanger, that is, different

heat exchanger candidates for the same thermal service may

present different fouling resistances.
Among all the efforts, the interconnection between fouling

modeling and heat exchanger design procedures was particu-

larly explored in the analysis of the design of shell-and-tube

heat exchangers in crude preheat trains using a threshold

model.14–17 Crude preheat trains are heat exchanger networks

employed to reduce the energy consumption of the fired heater

in petroleum distillation units. The accumulation of deposits

in these equipment reduces the coil inlet temperature, bringing

an increase of fuel costs.
Butterworth14 used a graphical method to design heat

exchangers considering the influence of temperature and

velocity in the fouling rate, according to the threshold behav-

ior. Three different cases for the design were explored: a “no

fouling” design, an asymptotic fouling behavior, and a fouling

resistance defined according to a constant wall temperature

and flow velocity during the operational campaign. The inser-

tion of a threshold model in the analysis of the heat exchanger

design using a graphical tool was also investigated by Polley

et al.15

Polley et al.16 pointed out the importance to design heat

exchangers in crude preheat trains able to achieve process

specifications during the entire campaign, thus avoiding costly

throughput losses. They proposed a procedure where, initially,
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a heat exchanger design in a clean condition is obtained using
a graphical tool and, then, an extension of this heat exchanger
is applied to a standard length with a higher area. The resultant
design is then checked using a fouling rate model to identify if
it fulfills satisfactorily the thermal task along the entire opera-
tional period.

Nakao et al.17 proposed an iterative procedure using a com-
mercial heat exchanger design software. After each solution
provided by the software, a pseudostationary simulation of the
heat exchanger was conducted to determine the value of the
fouling resistance at the end of the campaign according to a
threshold model. Then, the calculated value of the fouling
resistance is employed in a new software run. The procedure
is repeated until convergence is reached.

The different approaches in the literature presented above to
include the fouling behavior do not guarantee optimality con-
ditions. In terms of mathematical programming, the inclusion
of fouling modeling in the optimization of the heat exchanger
design was explored before by Lemos et al.18 The fouling
resistance model employed was a power law in relation to the
velocity, adequate, for example, to describe the fouling resis-
tance behavior in cooling water streams.19 However, this
model is not fully adequate to describe the fouling behavior in
crude oil streams. The utilization of threshold models, where
the influence of velocity and temperature can be considered, is
much more complex, as it will be developed along the current
article.

Aiming at filling this gap, we propose here an approach to
design heat exchangers considering a threshold fouling model
using mathematical programming. The approach is based on
the extension of the ILP model proposed by Gonçalves et al.11

Therefore, the design procedure can identify better solutions
in crude preheat trains which may be associated to lower foul-
ing resistances. The linear form of the optimization problem
proposed is rigorously equivalent to the original nonlinear
equations, which allows the identification of the global opti-
mum of the corresponding design problem.

This article is organized as follows. We start presenting the
heat exchanger and the threshold fouling models for the tube-
side. Then, we discuss how a threshold fouling model can be
accommodate in a linear form in the optimization problem.
Therefore, the resultant MILP problem is then proposed and
the corresponding numerical performance is illustrated by
three examples and three case studies. At the end, we present
the conclusions.

Heat Exchanger Model

This section shows the original heat exchanger equations
employed in the optimization. The model is based on the fol-
lowing premises: one phase turbulent flow on the tube-side
and the shell-side, single E-type shell associated to a number
of tube passes equal to one or an even number, and constant
physical properties. It is also assumed that the cold stream
flows in the tube-side, according to the available threshold
models, and the total fouling resistance is dominated by the
cold stream fouling resistance (i.e., the hot stream fouling
resistance is negligible).

The heat-transfer rate equation is based on the LMTD
method.20 The shell-side heat-transfer coefficient and pressure
drop are calculated using the Kern model.1 The tube-side heat
transfer coefficient and the pressure drop are calculated using
the Dittus-Boelter correlation20 and the Darcy-Weisbach equa-
tion,21 respectively. We used this set of thermofluid dynamic

equations before.10,11 The model constraints can be divided in

six blocks: shell-side equations, tube-side equations, overall

heat-transfer coefficient, heat-transfer rate equation, variable

bounds, and geometric constraints. In the model presentation

below, the corresponding parameters are represented using the

symbol “�” on top.

Shell-side thermal and hydraulic constraints

The flow area between adjacent baffles (Ar) is described by

the following constraint

Ar5 Ds FAR lbc (1)

where Ds is the shell diameter, FAR is the free area ratio, and

lbc is the baffle spacing. The expression for the FAR evalua-

tion is

FAR5
ltp 2 dteð Þ

ltp
512

dte

ltp
512

1

rp
(2)

where ltp is the tube pitch, dte is the outer tube diameter, and

rp is the pitch ratio.
The constraint concerning the shell-side velocity (vs) is

vs5
cmsbqs Ar

(3)

where cms and bqs are the mass flow rate and the density of the

fluid on the shell-side, respectively.
To calculate the Reynolds number, we first introduce the

equivalent diameter (Deq) constraint, which depends on the

tube pattern

Deq5
4 ltp2

p dte
2 dte Square patternð Þ (4)

Deq5
3:46 ltp2

p dte
2 dte Triangular patternð Þ (5)

Then, the Reynolds number for the shell-side (Res) is given by

Res5
Deq vs bqsbls

(6)

where bls is the viscosity of the fluid on the shell-side.
The convective heat-transfer coefficient depends on the

Nusselt number (Nus), which is described by

Nus5 0:36 Res0:55 cPrs
1=3

(7)

where cPrs is the Prandtl number of the shell-side stream.
Finally, the convective heat-transfer coefficient for the

shell-side (hs) can be determined by

Nus5
hs Deqbks

(8)

The pressure drop in the shell-side (DPs) can be determined

by

DPsbqs bg 5 fs
Ds Nb1 1ð Þ

Deq

vs2

2 bg
� �

(9)

where bg is the gravity acceleration, fs is the friction factor, and

Nb is the number of baffles. The friction factor and the number

of baffles can be calculated by

fs5 1:728 Res20:188 (10)
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Nb5
L

lbc
2 1 (11)

where L is the tube length.

Tube-side thermal and hydraulic constraints

The velocity in the tube-side (vt) is

vt5
4 cmt

Ntp p bqt dti2
(12)

where cmt and bqt are the mass flow rate and the density of the

stream in the tube-side, Ntp is the number of tubes per pass,

and dti is the inner diameter of the tubes.
The Reynolds number on the tube-side (Ret) is given by

Ret5
dti vt bqtblt

(13)

where blt is the viscosity of the stream in the tube-side.
The tube-side Nusselt number (Nut) is given by

Nut5 0:023 Ret0:8 cPrt
n

(14)

where the parameter n is equal to 0.3 for cooling services and

0.4 for heating services.
The tube-side convective heat transfer coefficient (ht) can

be obtained by the definition of the Nusselt number

Nut5
ht dtibkt

(15)

The pressure drop on the tube-side (DPt) is evaluated by the

sum of the head losses in the tube bundle and in the front and

rear headers

DPtbqt bg 5
ft Npt L vt2

2 bg dti
1

K Npt vt2

2 bg (16)

where ft is the tube-side friction factor and K is a parameter

determined by the number of tube passes, it is equal to 0.9 for

one tube pass and 1.6 for two or more.
The Darcy friction factor for turbulent flow is given by

ft5 0:0141
1:056

Ret0:42
(17)

Overall heat-transfer coefficient

The overall heat-transfer coefficient (U) constraint is

U5
1

dte
dti ht 1

Rft dte
dti 1

dteln dte
dtið Þ

2 dktube
1 1

hs

(18)

where Rft is the fouling resistance in the tube side, the object

of our modeling in the next section, and dktube is the thermal

conductivity of the tube wall.

Heat-transfer rate equation

This part of the model uses the LMTD method to develop

the heat-transfer equation. This method is based on the loga-

rithmic mean temperature difference ð dDTlm) that is described

by

dDTlm5

cThi2dTco
� �

2 dTho2 cTci
� �

ln
bThi2cTco
� �
cTho2 bTci

� �0@ 1A (19)

where cThi and dTho are the inlet and outlet temperatures of the

hot stream, cTci and dTco are the inlet and outlet temperatures

of the cold stream.
The heat-transfer rate equation constraint isbQ5U Areq dDTlm F (20)

where bQ is the heat load, Areq is the required area, and F is

the correction factor of the LMTD for encompassing multiple

tube passes. The correction factor is equal to one if there is

only one pass, otherwise, it is given by

F 5

bR2
1 1

� �0:5

ln
12bP� �

12bR bP� � !

bR21
� �

ln

22bP bR112 bR2

1 1

� �0:5
� �

22bP bR111 bR2

1 1

� �0:5
� �

0BB@
1CCA

(21)

where:

bR5
cThi2dThodTco2 cTci

(22)

bP5
dTco2 cTcicThi2 cTci

(23)

The heat-transfer area (A) is given by

A5 Ntt p dte L (24)

where Ntt is the total number of tubes.

Bounds on pressure drops, flow velocities, and Reynolds

numbers

The pressure drop must be bounded in this model, as it is

not included in the objective function

DPs � dDPsdisp (25)

DPt � dDPtdisp (26)

Other variables that usually have upper and lower bounds are

the velocities dvsmin � vs � dvsmax (27)dvtmin � vt � dvtmax (28)

The correlations used to calculate the heat-transfer coefficients

impose the following validity ranges

Res � 2�103 (29)

Ret � 104 (30)

Geometric constraints

In heat exchanger design, it is common to consider some

constraints regarding relations between geometric variables.

The baffle spacing must be limited between 20 and 100% of

the shell diameter22 and also the ratio between the tube length

and shell diameter must be between 3 and 1523
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lbc � 0:2 Ds (31)

lbc � 1:0 Ds (32)

L � 3 Ds (33)

L � 15 Ds (34)

Objective function

In heat exchanger design problems, it is common to have

the minimization of the area as the goal, because it will impact

directly in the cost of the heat exchanger. Therefore, in this

work the objective function is

min A (35)

Threshold Fouling Models

Fouling in crude preheat trains can be associated to different

mechanisms and the dominant effect depends on the position

of the heat exchanger along the crude preheat train.24

Upstream the desalter, fouling involves salt precipitation and

the deposition of particulate matter. Downstream the desalter,

as the temperature increases, chemical reaction fouling associ-

ated to the presence of asphaltenes becomes important. The

deposition of corrosion products may occur along the entire

train. The fouling problem at the fired heater occurs mainly

due to coking.
This article is focused on the fouling problem at the hot end

of the crude preheat train. These heat exchangers may be

affected by higher fouling rates, and the reduction of the over-

all heat-transfer coefficient in these units has a direct impact in

the energy recovery. The proposed analysis considers that

only the crude oil stream is associated to a fouling rate.
Among the fouling modeling alternatives in the literature,

the most common option employed in the high temperature

heat exchangers in crude preheat trains is the utilization of

threshold models. Threshold models are semiempirical models

which describe the fouling rate as a balance between a forma-

tion rate and a suppression/removal rate. According to these

models, higher temperatures and low velocities favor fouling.

However, the combination of lower temperatures and higher

velocities can suppress the fouling problem. Consequently,

these models predict a threshold that delimits a “no fouling”

region. The schematic representation of this region can be

seen in Figure 1.
The first threshold model was proposed by Ebert and

Panchal25

dRf

dt
5aRebexp

2Ea

RTf

� �
2csw (36)

where Re is the Reynolds number, Tf is the film temperature, R
is the universal gas constant, sw is the shear stress, and a, b, c,

and Ea (activation energy) are empirical parameters. The

empirical parameters must be determined based on laboratory

or process data using a parameter estimation procedure and

are specific for each crude.
Later, these authors proposed an extended version of the

model26

dRf

dt
5aRe20:66Pr20:33exp

2Ea

RTf

� �
2csw (37)

where Pr is the Prandtl number.

Polley et al.27 proposed a modified model where the film

temperature was substituted by the surface temperature and

the shear stress was substituted by a Reynolds number-related

term

dRf

dt
5aRe20:8Pr20:33exp

2Ea

RTw

� �
2cRe0:8 (38)

A modification of the Polley et al.27 model was proposed by

Nasr and Givi28

dRf

dt
5aRebexp

2Ea

RTf

� �
2cRe0:4 (39)

The models presented above can be used to describe the foul-

ing rate in the tube-side flow, therefore, this assumption will

be adopted in the optimization formulation. Reviews about

threshold models with additional modeling alternatives can be

found in Wilson et al.,29,30 and Wang et al.31

The interpretation of the negative term in the threshold

fouling model as suppression or removal is still in debate in

the literature. The suppression hypothesis assumes that the

thermofluid dynamic conditions may suppress the accumula-

tion of deposits, but it cannot remove them once they are

installed over the thermal surface, that is, according to this

interpretation, the net fouling rate would be never negative

(negative values predicted by the model would be overrun by

zero).32 The proposition of the optimization model developed

in this article will not be affected by the difference between

these two interpretations, therefore, we will identify this term

from now on as “suppression,” without loss of generality.

Analysis of Fouling

The aggregation of the relation between the fouling resis-

tance and the thermofluid dynamic conditions in the heat

exchanger allows the optimization model to find design alter-

natives where the reduction of the fouling rate implies a higher

overall heat-transfer coefficient and, consequently, a smaller

heat-transfer area. We explored the impact of this using a foul-

ing resistance model in relation to the flow velocity in Lemos

et al.18

The analysis of the threshold models allows to identify a set

of conditions associated to the fouling resistance that can be

accommodated in the optimal design formulation. These con-

ditions are discussed below based on the Polley et al.27 model.

Similar analysis can be applied to the other threshold models.

The fluid dynamic impact of fouling is not contemplated in the

current analysis.

Figure 1. Threshold fouling.
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Model structure

The fouling rate expression and the threshold conditions
depend on the surface temperature. At the clean condition, this
temperature corresponds to the tube wall inner surface temper-
ature. After the deposit accumulation, it is possible to consider
that this temperature becomes the temperature of the interface
between the fluid and the deposit. Therefore, a more compact
representation of Polley et al.27 model using the surface tem-
perature (Ts) is given by

dRf

dt
5 bAf Re20:8exp

2 bwf

Ts

 !
2 bBf Re0:8 (40)

where bAf 5a Pr20:33 (41)bBf 5c (42)

bwf 5
2Ea

R
(43)

The terms in the right-hand side of Eq. 40 are the formation
rate (FR) and the suppression rate (SR)

FR5 bAf Re20:8exp
2 bwf

Ts

 !
(44)

SR5 bBf Re0:8 (45)

Therefore, the threshold condition (FR 5 SR) is

bAf Re20:8exp
2 bwf

Ts

 !
5 bBf Re0:8 (46)

where this equation means that when the formation rate and
the suppression rate are equal, the fouling resistance value will
correspond to the asymptotic fouling resistance, that will be
used later in the development.

The evaluation of the surface temperature is based on the
thermal circuit between the hot and cold streams depicted in
Figure 2

cTh2Ts
1
hs 1

dte ln dte=dtið Þ
2dktube

1Rft dte
dti

� �5
Ts2cTc
1
ht

dte
dti

� � (47)

Isolating Ts from the expression, it yields

Ts5

cTh2cTc
� �

1
ht

dte
dti

1
hs 1

dte ln dte=dtið Þ
2dktube

1 1
ht

dte
dti

� �
1Rft dte

dti

� � 1cTc (48)

This equation can be expressed in a more compact form using
the overall heat-transfer coefficient at a clean condition (Uc)

Ts5

cTh2cTc
� �

1
ht

dte
dti

1
Uc 1Rf dte

dti

� � 1cTc (49)

The heat transfer along the thermal surface implies that cTh
and cTc vary. Because the design procedure does not rely on
local temperatures and properties (they are not modeled), but
rather on average values, we need to rely on average values as
well. Therefore, we assume average values to apply this equa-
tion to the entire equipment

Ts5
cDT

av
1
ht

dte
dti

1
Uc 1Rf dte

dti

� � 1cTc
av

(50)

The extreme values that the surface temperature can reach will

be important in the analysis of the fouling condition in the

design, because they are associated to the limiting values of

the formation rate (higher surface temperatures implies higher

formation rates).
The highest value of the surface temperature occurs at the

clean condition (e.g., Rf 5 0 at the start-up)

Tsmax5
cDT

av
1
ht

dte
dti

1
Uc

1cTc
av

(51)

The corresponding maximum fouling formation rate (FR)

becomes

FRmax5 bAf Re20:8exp
2 bwfbDT

av
1
ht

dte
dti

1
Uc

1cTc
av

0BB@
1CCA (52)

The lowest value that the surface temperature can reach is the

cold stream temperature

Tsmin5cTc
av

(53)

The corresponding fouling formation rate becomes

FRmin5 bAf Re20:8exp
2 bwfcTc

av

 !
(54)

The following subsections explore the three fouling conditions

employed in the formulation of the design optimization: no

fouling condition, fouling continuous growth, and asymptotic

fouling resistance.

No fouling condition

If the suppression rate is higher than the formation rate at

the clean condition (that it is the condition of the highest for-

mation rate), then the fouling rate will be always equal to zero

and no fouling layer will be formed.
The mathematical expression of the no fouling condition is

FRmax� SR (55)

This condition must be associated to a null fouling resistance

in the design procedure

Figure 2. Thermal circuit between hot and cold
streams.

[Color figure can be viewed at wileyonlinelibrary.com]
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Rft50 (56)

Fouling condition: Continuous growth

If the formation rate is higher than the suppression rate,

then a fouling layer will be formed over the thermal surface.
In this case, the following mathematical relation holds

FRmax > SR (57)

The growth of the fouling layer reduces the surface tempera-

ture gradually and consequently, the fouling rate reduces due
to the decrease of the formation rate. However, instead of con-

sidering that one allows reaching a value equivalent to the sup-
pression rate (i.e., zero fouling rate condition), the formation

rate can be limited by a constant value higher than the suppres-
sion rate. This condition is identified by

FRmin > SR (58)

As, in this condition, the fouling resistance always increases,
the design procedure can adopt a maximum fouling resistance

previously established

Rft5 bRf
max

(59)

Fouling condition: Asymptotic resistance

Differently from the previous condition, the fouling growth

can reduce the formation rate until it reaches the suppression
rate. In this case, the fouling resistance assumes an asymptotic

value. The corresponding mathematical condition is

FRmin � SR (60)

The corresponding value of the asymptotic fouling resistance

(Rf1) in this situation can be obtained by the root of Eq. 46 in
relation to Rf from Eq. 49, as follows

Rf15

cDT
av

1
ht

� �
bwf

ln
bAf cRet21:6bBf

� �
2664

37752cTc
av

2
1

Uc

dti

dte
(61)

Aiming at the design problem, the fouling resistance value to

be adopted in the design solution procedure must be the lowest
value between the asymptotic fouling resistance and the maxi-

mum value imposed by the designer

Rft5min bRf
max
;Rf1

� �
(62)

Fluid dynamic impact of fouling

The growth of the fouling layer would also have a fluid
dynamic impact that is not included in our model, where the
Reynolds number is always calculated using the clean inner

tube diameter.
The increase of the fouling layer reduces the cross-sectional

area and, consequently, there is an increase of the flow veloc-

ity and Reynolds number that causes an increase of the sup-
pression rate. Considering the fouling condition associated to

a continuous growth discussed above, the inclusion of the fluid
dynamic fouling impact would be able to identify an equilib-

rium between suppression and formation rates that cannot be
captured mathematically by the model proposed in this article.

In a similar way, in the fouling condition associated to an
asymptotic resistance, the fluid dynamic modeling would

imply a reduction of the fouling resistance due to the increase

of the velocity. Nevertheless, the solution proposed here is

conservative, always providing a feasible design. Future work

will handle this situation better.

Binary representation of the fouling conditions

The three fouling conditions identified above can be

inserted into the optimization model by a set of binary varia-

bles related to a corresponding set of propositions, as shown in

Table 1 (if the proposition is true, the corresponding binary

variable is equal to 1).
The mathematical relations among the binary variables and

the corresponding propositions are

cL1 y11E � FRmax2SR � cU1 12y1ð Þ (63)

cL2 y21E � FRmin2SR � cU2 12y2ð Þ (64)

cL3 y31E � Rf12 bRf
max � cU3 12y3ð Þ (65)

where E is a small positive number, cU1 and cL1 are upper and

lower bounds for the difference FRmax2SR; cU2 and cL2 are

upper and lower bounds for the difference FRmin2SR, and cU3

and cL3 are upper and lower bounds for the difference

Rf12 bRf
max

.
Based on this set of binary variables, each of the fouling

conditions is identified by a certain combination of 0–1 values,

as shown in Table 2.
The different combinations of values of the binary variables

can be organized for the evaluation of the fouling resistance

according to each condition identified in Table 2

Rft5y3 Rf12Rf11y2 Rf12y1 Rf1

1 12y2112y3ð Þ bRf
max (66)

MILP Model

This section presents the development of a linear formula-

tion for the optimization of the design of shell-and-tube heat

exchangers considering the threshold model discussed above.

The approach employed is based on the methodology

described by Gonçalves et al.11

Table 1. Propositions and Corresponding Binary Variables

Proposition Binary Variable

FRmax � SR y1

FRmin � SR y2

Rf1 � cRf
max y3

Table 2. Relation Among the Binary Variables and the Foul-

ing Conditions

Variable
No

Fouling

Continuous
Fouling
Growth

Asymptotic
Resistance with

Rf1 � bRf
max

Asymptotic
Resistance with

Rf1 > bRf
max

y1 1 0 0 0
y2 1 0 1 1
y3 1 1 1 0
Rft 0 bRf

max bRf
1 bRf

max

6 DOI 10.1002/aic Published on behalf of the AIChE 2018 Vol. 00, No. 00 AIChE Journal



Discrete design variables

The geometric variables of the heat exchanger design are

available in standard/commercial values. Therefore, they can

be represented by a set of binary variables

dte5
Xsdmax

sd51
dpdtesd ydsd (67)

dti5
Xsdmax

sd51
dpdtisd ydsd (68)

Ds5
XsDsmax

sDs51
dpDssDs yDssDs (69)

lay5
Xslaymax

slay51
dplayslay ylayslay (70)

Npt5
XsNptmax

sNpt51
dpNptsNpt yNptsNpt (71)

rp5
Xsrpmax

srp51
cprpsrpyrpsrp (72)

L5
XsLmax

sL51
cpLsL yLsL (73)

Nb5
XsNbmax

sNb51
dpNbsNb yNbsNb (74)

where dte, dti, Ds, lay, Npt, rp, L, and Nb are the inner and

outer tube diameters, shell diameter, tube layout (square or tri-

angular), number of tube passes, pitch ratio, tube length, and

number of baffles; dpdte; dpdti, dpDs, dpNpt, p brp, dplay, cpL; anddpNb are the corresponding set of discrete values for each vari-

able; and yd, yDs, ylay, yNpt, yrp, yL, and yNb are the corre-

sponding binary variables that express the selection of a given

standard alternative. As only one alternative can be chosen,

the following constraints must be includedXsdmax

sd51
ydsd51 (75)XsDsmax

sDs51
yDssDs51 (76)

Xslaymax

slay51
ylayslay51 (77)

XsNptmax

sNpt51
yNptsNpt51 (78)Xsrpmax

srp51
yrpsrp51 (79)XsLmax

sL51
yLsL51 (80)XsNbmax

sNb51
yNbsNb51 (81)

To minimize the computational effort, the set of geometric

variables can be reorganized using a unique set of binaries

associated to a multi-index srow 5 (sd, sDs, slay, sNpt, srp,
sL, sNb). Therefore, the available values of the discrete varia-

bles assume the following representationdPdtesrow5 dpdtesd (82)dPdtisrow5dpdtisd (83)dPDssrow5dpDssDs (84)dPlaysrow5 dplayslay (85)dPNptsrow 5 dpNptsNpt (86)dPrpsrow5cprpsrp (87)

cPLsrow5cpLsL (88)

dPNbsrow5 dpNbsNb (89)

According to this representation, the available options of the

discrete variables are grouped in a tabular structure, where

each row corresponds to a candidate heat exchanger, as illus-

trated by Figure 3.
Therefore, the space of design alternatives is described by a

single set of binary variables

dte5
X

srow
dPdtesrow yrowsrow (90)

dti5
X

srow
dPdtisrow yrowsrow (91)

Ds5
X

srow
dPDssrow yrowsrow (92)

lay5
X

srow
dPlaysrow yrowsrow (93)

Npt5
X

srow
dPNptsrow yrowsrow (94)

rp5
X

srow
dPrpsrowyrowsrow (95)

L5
X

srow
cPLsrow yrowsrow (96)

Nb5
X

srow
dPNbsrow yrowsrow (97)X

srow
yrowsrow51 (98)

Reformulation to a linear model

The original nonlinear constraints described in Eqs. 1–35

are reformulated by substituting the geometric variables

expressed through their corresponding binary representation

described in Eqs. 90–97. The nature of the binary variables

and the mathematical structure of the constraints imply that

these substitutions can be manipulated to obtain linear con-

straints, as shown below. It is important to highlight that this

procedure is not a linearization, in the sense of an approximate

solution, but a rigorous reformulation, it transforms the origi-

nal problem into a linear one. Therefore, the solutions of one,

are exactly the solutions of the other, with the exception that

the former is nonlinear and can give local optima (except

when run by a global optimizer), and the latter, being linear is

globally optimal.
The problem constraints (h dte; dti; . . . ;Nbð Þ) are composed

by expressions involving products of powers, such as

h dte; dti; . . . ;Nbð Þ5 K dten1dtin2 � � �Nbn8 (99)

where K is a model constant.
The substitution of the binary representation of the geomet-

ric variables yields

Figure 3. Tabular organization of the discrete values of
the geometric variables.
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h yrowsrowð Þ5K
X

srow
dPdtesrow yrowsrow

h in1

X
srow

dPdtisrow yrowsrow

h in2

. . .
X

srow
dPNbsrow yrowsrow

h in8

(100)

Because all binary variables are equal to 1 only once in the
corresponding set, this equation is equivalent to

h yrowsrowð Þ5K
X

srow
dPdte

n1

srow
dPdti

n2

srow . . . dPNb
n8

srow yrowsrow

(101)

The application of this procedure to all constraints results in a
set of linear relations only involving binary variables. The
details of all expressions of the linear model for the design of

heat exchangers can be found in Gonçalves et al.11 and will

not be repeated here (the on-line Supporting Information con-

tains the entire mixed-integer linear formulation encompassing

all constraints). The next subsection will explore how this

model can be extended to accommodate the fouling threshold

model.

Extension to include the threshold fouling modeling

The interconnection of the fouling threshold model and the

formulation of the heat exchanger design optimization is the

heat-transfer rate equation, where the fouling resistance is pre-

sent. According to Gonçalves et al.,11 this expression is given

by

bQ�X
srow

dPdtesrowcPhtsrow
dPdtisrow

yrowsrow1
X

srow

dPdtesrowdPdtisrow

cRft yrowsrow

1

P
srow

dPdtesrow yrowsrowln
cPdtesrowcPdtisrow

� �
2 dktube

1
X

srow

1dPhssrow

yrowsrow

�
� 100

1001 dAexc

� �
p
X

srow
dPNttsrow

dPdtesrow
dPLsrowyrowsrow

� � dDTlm bFsrow

(102)

In the case discussed by Gonçalves et al.,11 the fouling
resistance is a parameter (cRft).

In our proposed approach, the fouling resistance is a
variable

bQ�X
srow

dPdtesrowcPhtsrow
dPdtisrow

yrowsrow1
X

srow

dPdtesrowdPdtisrow

Rft yrowsrow

1

P
srow

dPdtesrow yrowsrowln
cPdtesrowcPdtisrow

� �
2 dktube

1
X

srow

1dPhssrow

yrowsrow

�
� 100

1001 dAexc

� �
p
X

srow
dPNttsrow

dPdtesrow
dPLsrowyrowsrow

� � dDTlm bFsrow

(103)

Now, this constraint contains a bilinear term resultant from
the product of the fouling resistance and the design binary var-
iable (Rft yrowsrow). This nonlinearity can be eliminated

replacing it by a new variable wRfsrow, together with the inser-
tion of additional constraints,33 as follows

bQ�X
srow

dPdtesrowcPhtsrow
dPdtisrow

yrowsrow1
X

srow

dPdtesrowdPdtisrow

wRfsrow

1

P
srow

dPdtesrow ln
cPdtesrowcPdtisrow

� �
yrowsrow

2 dktube
1
X

srow

1dPhssrow

yrowsrow

�
� 100

1001 dAexc

� �
p
X

srow
dPNttsrow

dPdtesrow
dPLsrowyrowsrow

� � dDTlm bFsrow

(104)

dLRf � Rft � dURf (105)

Rft2 dURf 12yrowsrowð Þ � wRfsrow � Rft2dLRf 12yrowsrowð Þ
(106)dLRf yrowsrow � wRfsrow � dURf yrowsrow (107)

There are also nonlinearities in Eq. 66 that are treated in the
same way, replacing them by w1Rf1, w2Rf1, and w3Rf1,
respectively

Rft5w3Rf12Rf11w2Rf12w1Rf11 12y2112y3ð Þ bRf
max

(108)dLRfinf � Rf1 � dURfinf (109)
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Rf12 dURfinf 12y1ð Þ � w1Rf1 � Rf12 dLRfinf 12y1ð Þ
(110)dLRfinf y1 � w1Rf1 � dURfinf y1 (111)

Rf12 dURfinf 12y2ð Þ � w2Rf1 � Rf12 dLRfinf 12y2ð Þ
(112)dLRfinf y2 � w2Rf1 � dURfinf y2 (113)

Rf12 dURfinf 12y3ð Þ � w3Rf1 � Rf12 dLRfinf 12y3ð Þ
(114)dLRfinf y3 � w3Rf1 � dURfinf y3 (115)

The terms SR (Eq. 45), FRmax (Eq. 52), FRmin (Eq. 54), and
Rf1 (Eq. 61) are also reformulated by the substitution of the
binary variables

SR5 bBf
4 cmt

p blt

� �0:8P
srow

dPNptsrowdPNttsrow
dPdtisrow

 !0:8

yrowsrow

FRmax5 bAf
4 cmt

p blt

� �20:8P
srow

dPNptsrowdPNttsrow
dPdtisrow

 !20:8
(116)

exp
2 bwf

cTc
av

1

bDT
av bpdtesrowbphtsrow

bpdti srow

bPdtesrowbPhtsrow bPdti srow

1

bPdtesrowln
bPdtesrowbPdtisrow

� �
2 cktube

1 1bPhssrow

2664
3775

0BBBBBBBBBBBBBBBBB@

1CCCCCCCCCCCCCCCCCA

yrowsrow

(117)

FRmin5 bAf
4 cmt

p blt

� �20:8

exp
2bwcTc

av

 !
X

srow

dPNptsrowdPNttsrow
dPdtisrow

 !20:8

yrowsrow

(118)

Rf15
X

srow

cDT
av
=cphtsrow

bwf

ln

bAf 4bmt

pblt

cPNptsrowbPNtt srow bPdti srow

� �2 1:6ð Þ

bBf

2664
3775

2cTc
av

266666666664

377777777775

yrowsrow

2
X

srow

dPdtisrowdPdtesrow

dPdtesrowcPhtsrow
dPdtisrow

1

dPdtesrowln
cPdtesrowcPdtisrow

� �
2 dktube

1
1dPhssrow

0BB@
1CCA

2664
3775yrowsrow

(119)

Table 3. Physical Properties

Density
(kg/m3)

Viscosity
(Pa�s)

Conductivity
(W/m�K)

Heat Capacity
(J/kgK)

Cold stream 768.9 5.36�1024 0.09 2742.5
Hot stream 898.0 1.87�1023 0.13 2754.0

Table 4. Thermal Service

Cold Stream Hot Stream

Mass flow rate (kg/s) 91.9 40.0
Inlet temperature (8C) 288.4 343.8
Outlet temperature (8C) 305.0 305.4
Maximum pressure drop (kPa) 80 80
Flow velocity bounds (m/s) 1.0–3.0 0.5–2.0

Table 5. Alternatives of Discrete Values of the Geometric Variables

Variable Values

Tube outer diameter, dpdtesd (m) 0.01905, 0.02540, 0.03175, 0.03810, 0.05080

Tube inner diameter, dpdtisd(m) 0.01575, 0.02210, 0.02845, 0.03480, 0.04750

Tube length, cpLsL (m) 1.2195, 1.8293, 2.4390, 3.0488, 3.6585, 4.8768, 6.0976

Number of baffles, dpNbsNb 1, 2, . . ., 20

Number of tube passes, dpNptsNpt 1, 2, 4, 6

Tube pitch ratio, cprpsrp 1.25, 1.33, 1.50

Shell diameter, dpDssDs (m) 0.7874, 0.8382, 0.889, 0.9398, 0.9906, 1.0668, 1.143, 1.2192, 1.3716, 1.524

Tube layout, dplayslay 1 5 square, 2 5 triangular
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Finally, the set of constraints to include the threshold model

in the formulation of the heat exchanger design optimization

encompasses the constraints regarding the heat-transfer rate

equation (Eqs. 104–107), the fouling resistance evaluation

(Eqs. 108–115), and fouling conditions (Eqs. 63–65 and Eqs.

116–119).

Results

Three examples are used to illustrate the differences of our

proposed approach as compared to the use of recommended

fixed fouling resistances. These examples explore different sit-

uations involving a no fouling case, the fouling resistance

equal to bRf
MAX

, and the fouling resistance equal to Rf1. In

addition, three case studies are also presented considering the

relation between the heat exchanger design and fouling

aspects, involving crude oil type, pressure drop manipulation,

and energy integration.
Table 3 presents the physical properties of the streams,

associated to average values calculated along the temperature

operating range, and Table 4 displays the characteristics of the

thermal service. These values are taken from a real preheat

train, where the hot stream flows in the shell-side and the cold

stream, crude oil, flows in the tubes. The discrete values used

as parameters related to the geometric variables are present in

Table 5. The thermal conductivity of the tube wall is equal to

50 W/m�K.
The fouling resistance used for the traditional approach is

7.04�1024 m2K/W, which corresponds to the TEMA indica-

tion12 for the crude oil flowing in the conditions depicted in

Table 4. This value will be also used as the maximum fouling

resistance in the proposed design procedure ( bRf
MAX

).
The values of the empirical parameters of the fouling rate

model are displayed in Table 6, close to the values reported by

Polley et al.,34 with the exception of the activation energy that

was modified in each example so that all the three different

possibilities could be achieved through the same service. The

identification of fouling model parameters can be conducted

using a parameter estimation procedure based on laboratory or

process data.34–36

The computational time, which corresponds to the elapsed

time using a computer with Intel Core i7 processor with 8 Mb

of RAM memory, was less than 40 seconds to all of the exam-

ples and case studies displayed here.

Example 1

The results obtained using the proposed approach for an

activation energy of 40,000 J/mol are displayed in Tables 7

and 8.
This case leads to a fouling resistance value that is equal tobRf
MAX

, which means that the design fouling resistance will be

the same proposed by TEMA. In this particular scenario, the

results obtained by the proposed approach are exactly the

same as the ones obtained with the traditional approach, as

the fouling resistance values are the same.

Example 2

The results obtained for the proposed approach with an

activation energy of 41,000 J/mol are displayed in Tables 9

and 10.
The proposed approach leads to a solution associated to an

asymptotic fouling resistance (Rf1) equal to 3.22�1025 m2K/W,

lower than the value adopted by TEMA (7.04�1024 m2K/W).

Therefore, the proposed design procedure could identify an alter-

native associated to a smaller fouling resistance and, conse-

quently, with a smaller area. Indeed, our optimal heat exchanger

has an area of 412 m2 and the corresponding result with the

TEMA fixed fouling resistance (shown in Example 1) is 585 m2,

that is, the optimization could achieve a reduction in the heat-

transfer area of 29%.

Example 3

In this last example, the value of the activation energy is

48,000 J/mol. The corresponding optimization results are dis-

played in Tables 11 and 12.
This case leads to a no fouling condition, which allowed a

considerable increase of the overall heat-transfer coefficient,

and consequently, a reduction of the heat transfer area.

Table 7. Results for Example 1—Design Variables

Variable Value Variable Value

A (m2) 585 rp 1.25
dte (m) 0.0254 Ds (m) 1.22
dti (m) 0.0221 lay 2
L (m) 6.10 ltp (m) 0.0317
Nb 19 Ntt 1203
Npt 6 ebc (m) 0.305

Table 8. Results for Example 1—Thermofluid Dynamic

Variables

Variable Value

DPs (Pa) 74001
DPt (Pa) 47833
hs (W/m2K) 984
ht (W/m2K) 1638
U (W/m2K) 390
vs (m/s) 0.60
vt (m/s) 1.55

Table 9. Results for Example 2—Design Variables

Variable Value Variable Value

A (m2) 412 rp 1.25
dte (m) 0.03175 Ds (m) 1.14
dti (m) 0.02845 lay 2
L (m) 6.10 ltp (m) 0.0397
Nb 17 Ntt 677
Npt 6 ebc (m) 0.339

Table 10. Results for Example 2 – Thermofluid Dynamic

Variables

Variable Value

DPs (Pa) 44483
DPt (Pa) 43046
hs (W/m2K) 870
ht (W/m2K) 1646
U (W/m2K) 527
vs (m/s) 0.58
vt (m/s) 1.67

Table 6. Parameters of the Fouling Model

a (m2K/J) c (m2K/J)

0.2798 4.17�10213
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Comparing with the traditional approach, this solution allowed

a reduction of 45% in the heat exchanger area.
The no fouling behavior can be illustrated by the envelope

of fouling threshold (Eq. 46) represented in Figure 4, where it

can be observed the position corresponding to the optimal heat

exchanger inside the no fouling region.

Case study 1: Crude oil selection

Different crudes can be more or less prone to fouling. The

introduction of fouling modeling in the heat exchanger design

procedure can bring a better understanding of the impact of

the crude oil selection on the design of the crude preheat train.
Example 3 showed a crude oil associated to an activation

energy of 48,000 J/mol that was associated to an optimal

exchanger with a heat transfer area of 321 m2 and no fouling

behavior. The utilization of an alternative crude oil with acti-

vation energy of 43,000 J/mol would imply that the previous

optimal solution would not be feasible anymore. The applica-

tion of the design procedure finds a solution in this new condi-

tion associated to an increase of the heat transfer area of 8%,

according to the solution depicted in Tables 13 and 14. This

solution alternative is inside the no fouling region of the alter-

native crude oil stream, but the original heat exchanger would

be located outside the no fouling envelope.

Case study 2: Pressure drop manipulation

An important parameter in the design of a heat exchanger is
the available pressure drop. This parameter represents a trade-
off between pumping operational costs and heat exchanger
capital costs. However, a more complete analysis of this issue
must also consider fouling aspects.

Tables 15 and 16 show the result of the application of the
design procedure in relation to Example 2, but allowing a 25%
increase in the available pressure drop for the crude oil.

The analysis of the new solution indicates that the increase
of the available pressure drop brought a reduction of the heat-
transfer area from 412 to 396 m2. This area reduction occurred
because the higher available pressure drop allowed an increase
of the tube-side heat-transfer coefficient, from 1646 to 2238
W/m2K, and there was a total fouling suppression, that is, the
heat exchanger associated to a higher pressure drop is inside
the no fouling region.

This result indicates that the manipulation of the pressure
drop can be a variable employed to mitigate fouling. Besides

Table 11. Results for Example 3—Design Variables

Variable Value Variable Value

A (m2) 321 rp 1.25
dte (m) 0.01905 Ds (m) 0.940
dti (m) 0.01575 lay 1
L (m) 4.88 ltp (m) 0.02381
Nb 15 Ntt 1100
Npt 4 ebc (m) 0.305

Table 12. Results for Example 3—Thermofluid Dynamic

Variables

Variable Value

DPs (Pa) 70706
DPt (Pa) 71992
hs (W/m2K) 1121
ht (W/m2K) 2340
U (W/m2K) 692
vs (m/s) 0.78
vt (m/s) 2.23

Figure 4. Example 3: Threshold fouling and optimal
heat exchanger solution.

[Color figure can be viewed at wileyonlinelibrary.com]

Table 13. Results for Case Study 1—Design Variables

Variable Value Variable Value

A (m2) 348 rp 1.25
dte (m) 0.0254 Ds (m) 0.940
dti (m) 0.0221 lay 2
L (m) 6.10 ltp (m) 0.03175
Nb 18 Ntt 715
Npt 4 ebc (m) 0.321

Table 14. Results for Case Study 1—Thermofluid Dynamic

Variables

Variable Value

DPs (Pa) 79138
DPt (Pa) 39435
hs (W/m2K) 1104
ht (W/m2K) 1795
U (W/m2K) 632
vs (m/s) 0.74
vt (m/s) 1.74

Table 15. Results for Case Study 2—Design Variables

Variable Value Variable Value

A (m2) 396 rp 1.33
dte (m) 0.0254 Ds (m) 1.07
dti (m) 0.0221 lay 2
L (m) 6.10 ltp (m) 0.0338
Nb 18 Ntt 814
Npt 6 ebc (m) 0.321

Table 16. Results for Case Study 2—Hermofluid Dynamic

Variables

Variable Value

DPs (Pa) 34889
DPt (Pa) 98734
hs (W/m2K) 808
ht (W/m2K) 2238
U (W/m2K) 560
vs (m/s) 0.52
vt (m/s) 2.30
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the possibility of capital costs reduction, the possibility to

operate inside the no fouling region also has other advantages:
elimination of costs associated to heat exchanger cleaning,

elimination of environmental problems associated to the dis-

card of the deposits, longer operational runs, and so forth.

Case study 3: Energy integration

The selection of the optimal set of heat exchanges in crude

preheat trains is fundamental for the reduction of the fuel con-
sumption in the fired heater located at the end of the train.

This case study illustrates that fouling aspects may affect the

problem of energy integration.
We use a design problem equivalent to Example 2, but all

stream temperatures presented in Table 4 are increased by

208C, thus representing a similar service that would be located

at a different position along the crude preheat train. Because
all temperatures were modified simultaneously, the tempera-

ture approach is the same and a conventional design procedure

with fixed fouling resistances would yield the same result (dis-

missing possible modifications of physical properties).
However, the increase of the temperatures in the heat

exchange task implies an increase of the surface temperature

that intensify the fouling problem. This effect can be illus-
trated by Tables 17 and 18, where it is depicted the solution of

the Example 2 with higher temperatures.
The original solution of Example 2 presents an area of

412 m2 associated to a fouling resistance of 3.22�1025 m2K/W

(asymptotic fouling condition). The increase of the stream

temperatures elevated the area to 585 m2 and the fouling resis-

tance to 7.04�1024 m2K/W (maximum fouling condition).
The considerable difference in the heat exchanger area of

similar thermal tasks, but associated to different temperature
levels, is an indication of the importance of the inclusion of

fouling modeling in the heat exchanger network synthesis. An

example of the discussion of the relation between network

synthesis and fouling modeling can be found in Wilson et al.37

Conclusions

This article presented a MILP formulation for the design of

shell-and-tube heat exchangers including a fouling threshold

model. This kind of a model can describe the behavior of

fouling in crude oil streams subjected to higher temperatures

in crude preheat trains of petroleum distillation units.
The insertion of a fouling model in the heat exchanger

design optimization allowed the search to explore the relation

between the thermofluid dynamic conditions of the solution

candidates and the resultant fouling resistance. Therefore, the

optimization can guide the search toward alternatives associ-

ated to a less severe deposit accumulation, which allows the

utilization of smaller equipment. In certain problems, it is

even possible to identify heat exchanger design solutions asso-

ciated to a no fouling condition, where the heat exchanger can

operate without deposit accumulation (however, in some other

situations this condition is not feasible because is associated to

excessively high velocities).
This analysis was illustrated using three examples, where in

two examples, the proposed procedure identified cheaper

design solutions when compared with a traditional approach

which employs fixed fouling resistances. Associated to these

examples, three case studies illustrated future opportunities

of investigations relating the fouling modeling and heat

exchanger design to broader problems involving crude selec-

tion, pressure drop optimization, and heat exchanger network

synthesis.
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Notation

A = area, m2bAf = fouling model parameter, m2K/J
Ar = area between adjacent baffles, m2bBf = fouling model parameter, m2K/J
dte = outer tube diameter, m
dti = inner tube diameter, m

Deq = equivalent diameter, m
Ds = shell diameter, m
Ea = activation energy, J/mol
fs = Darcy friction factor on shell-side, dimensionless
ft = Darcy friction factor on tube-side, dimensionless
F = LMTD correction factor, dimensionless

FAR = free area ratio
FR = formation rate on fouling model, m2K/J

FRmin = formation rate on fouling model for minimum surface tem-
perature, m2K/J

FRmax = formation rate on fouling model for clean surface, m2K/Jbg = gravity acceleration, m/s2

hs = convective heat transfer coefficient on shell-side, W/m2K
ht = convective heat transfer coefficient on tube-side, W/m2Kbks = thermal conductivity of the shell-side stream, W/m�Kbkt = thermal conductivity of the tube-side stream, W/m�K

lay = layout of the heat exchanger
lbc = baffle spacing, m
ltp = tube pitch, m

L = tube length, mcms = mass flow rate on shell-side, kg/scmt = mass flow rate on tube-side, kg/s
Nb = number of baffles

Npt = number of tube passes
Ntp = number of tubes per pass
Ntt = total number of tubes

Nus = Nusselt number for shell-side
Nut = Nusselt number for tube-side

Table 17. Results for Case Study 3—Design Variables

Variable Value Variable Value

A (m2) 585 rp 1.25
dte (m) 0.0254 Ds (m) 1.219
dti (m) 0.0221 lay 2
L (m) 6.10 ltp (m) 0.03175
Nb 19 Ntt 1203
Npt 6 ebc (m) 0.305

Table 18. Results for Case Study 3—Thermofluid Dynamic

Variables

Variable Value

DPs (Pa) 74001
DPt (Pa) 47833
hs (W/m2K) 984
ht (W/m2K) 1638
U (W/m2K) 390
vs (m/s) 0.60
vt (m/s) 1.55
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dPDssrow = standard shell diameter, mdPdtesrow = standard outer tube diameter mdPdtisrow = standard inner tube diameter, mcPLsrow = standard tube length, mdPlaysrow = tube layoutdPNbsrow = number of bafflesdPNptsrow = number of tube passesdPNttsrow = total number of tubesdPrpsrow = standard tube pitch ratiocPrs = Prandtl number of the shell-side stream, dimensionlesscPrt = Prandtl number of the tube-side stream, dimensionlessbQ = heat load, W
R = ideal gas constant, J/mol K

rp = tube pitch ratio
Res = Reynolds number of the shell-side stream, dimensionless
Ret = Reynolds number of the tube-side stream, dimensionless
Rft = fouling resistance on tube-side, m2K/WbRf

MAX
= maximum fouling resistance on the tube-side, m2K/W

Rf1 = asymptotic fouling resistance on tube-side, m2K/W
SR = suppression rate on fouling model, m2K/JcTc

av
= cold stream average temperature, KcTci = cold stream inlet temperature, KdTco = cold stream outlet temperature, KcThi = hot stream inlet temperature, KdTho = hot stream outlet temperature, K

Ts = surface temperature, K
Tw = wall temperature, K

U = overall heat transfer coefficient, W/m2 K
vs = shell-side flow velocity, m/sdvsmax = maximum shell-side flow velocity, m/sdvsmin = minimum shell-side flow velocity, m/s
vt = tube-side flow velocity, m/sdvtmax = maximum tube-side flow velocity, m/sdvtmin = minimum tube-side low velocity, m/s

wRf = variable representing the fouling resistance, m2K/W
w1Rf1 = variable representing the asymptotic resistance, m2K/W
w2Rf1 = variable representing the asymptotic resistance, m2K/W
w3Rf1 = variable representing the asymptotic resistance, m2K/W

y1 = binary variable to map the fouling resistance value
y2 = binary variable to map the fouling resistance value
y3 = binary variable to map the fouling resistance value

ydsd = binary variable representing the tube diameter
yDssDs = binary variable representing the shell diameter

yLsL = binary variable representing the tube length
ylayslay = binary variable representing the tube layout
yNbsNb = binary variable representing the number of baffles

yNptsNpt = binary variable representing the number of tube passes
yrpsrp = binary variable representing the tube pitch ratio

yrowsrow = binary variable that represents simultaneously all discrete
variables

Greek letters

a = fouling model parameter, m2K/J
c = fouling model parameter, m2K/J

DPs = pressure drop on shell-side, PadDPsdisp = available pressure drop on shell-side, Pa
DPt = pressure drop on tube-side, PadDPtdisp = available pressure drop on tube-side, PacDT

av
= average temperature difference, KdDTlm = logarithmic mean temperature difference, 8Cbls = viscosity of the shell-side stream, Pa�sblt = viscosity of the tube-side stream, Pa�sbqs = density of the shell-side stream, kg/m3bqt = density of the tube-side stream, kg/m3bwf = threshold model parameter, K
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